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Abstract

Magnetohydrodynamic flows in insulated circular ducts in nonuniform magnetic fields are
studied with reference to liquid metal blankets and divertors of fusion reactors. Particular
emphasis is made on C-MOD. The ducts are supposed to be straight, while the gradient of the
magnetic field to be inclined by an angle a to the duct axis. The results are presented for the
values of the Hartmann numbers, Ha, of 1000 and 100. Three-dimensiona pressure drop,
development length, three-dimensional length and nonuniformities of the velocity profiles have
been evaluated. It has been shown that for Ha = 1000 the three-dimensional effects are of

considerable importance, while for Ha = 100 they may be neglected.
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1. Introduction

Liquid metal flowsin circular ducts play a fundamental role in liquid metal blankets and
divertors for fusion reactors. Concerning blankets, both inlet and outlet pipes have circular cross-
section. The flow in these pipes is fully three-dimensional, since liquid meta flows in a strong,
nonuniform magnetic field. Similar situation occurs in circular ducts supplying liquid metal to
divertors elements[1], [2].

When aliquid metal flows in a strong magnetic field, electric currents are induced. These
currents in turn interact with the magnetic field and the resulting electromagnetic force induces a
high MHD pressure drop and significant nonuniformities of the velocity profile in the duct cross-
section. The pressure drop in particular is considered to be one of the most critical issues for self-
cooled blankets. The magnitude of the electromagnetic force with respect to viscous and inertial
forcesis determined by two parameters, the Hartmann number, Ha, and the interaction parameter,
N, respectively. The range of typical parameter values for various machines, based on lithium
flow in circular, insulated ducts (or jets) of 5-10 mm radius, isshown in Table 1.

Asthe three-dimensiona effectsin blanket/divertor elements are of considerable importance,
laminar, inertialess MHD flow in an insulating circular duct in a strong, nonuniform magnetic
field is studied in this paper. The emphasis is on the range of parameters relevant to C-MOD.
Some estimates are given for NSTX as well, though it should be emphasised that the flow regime
in this machineis different (Table 1). The flow regime is determined by the parameter Ha/Re [3],
where Re is the Reynolds number. According to the experimental data for circular insulating
ducts [3], for Ha/Re > 0.025 the flow is laminar, while for Ha/Re < 0.025 it is turbulent. The

latter regime is characteristic for NSTX.



Both the flow geometry studied here and the Cartesian co-ordinate system (X, y, z) are shown
in Figs. 1 and 2. Cylindrical co-ordinates (r, g, X) are also used, which are defined as follows (see
Fig. 2): z=rsing, y=rcosq. The magnetic field B" = B)B(x,2)y is supposed to have asingle
component, out of the plane of the figure, where B; is the characteristic value of the magnetic
field in the upstream region, i.e. for x® - ¥ . Dimensional quantities are denoted by letters with
asterisks, while their dimensionless counterparts - with the same letters, but without the asterisks.

The inlet/outlet pipes may enter/leave the tokamak area at a certain, small angle a to the
gradient of the toroidal field (Fig. 1). One of the ams of the current study is to estimate
sengitivity of the three-dimensional pressure drop Dp,, to the variation of a.

The family of the magnetic fields studied here is B(x) =1(B, + B,)+(B, - B,)tanhgx,
where X = xcosa + zsina . The field induction varies between the constant values of B, = 1 to
theleft of Line 1 and Bq to the right of Line 2 (see Fig. 1). The field is nonuniform between these
lines. The field gradient is defined by g For a = 0° one gets x = x, thus the field gradient is
aligned with the duct axis.

The aim of the study is to estimate the values of Dp,;, the development length, as well as

nonuniformitiesin the velocity profiles owing to the nonuniform magnetic field.
2. Formulation
Consider a steady flow of a viscous, electrically conducting, incompressible fluid in a

straight, insulating, circular duct in the x-direction (Figs. 1, 2). The characteristic values of the

length, the fluid velocity, the electric current density, the electric potential, and the pressure are



a (the duct radius), v, (average fluid velocity), sv,B;, a'V,B,, and a'sV,B,?, respectively. In
theabove, s, r, n arethe electrical conductivity, density and kinematic viscosity of the fluid.
It is assumed that the flow is inertidless, which requires N >> Ha’? [4], where

Ha=a'B,(s/rn)"? isthe Hartmann number, which expresses the ratio of the electromagnetic to
the viscous force, and N =a’sB,?/rv, isthe interaction parameter, which expresses the ratio of

the electromagnetic to the inertial force.

The dimensionless, inductionless, inertial ess equations governing the flow are [5], [6]:
Ha’N’v+j  B=Np, j=-Nf+v’ B, (1a,b)
Nxv=0, Nx=0, (1c,d)

where v is the fluid velocity, j is the electric current density, f is the electric potential, and p is
the pressure.

The boundary conditions at the duct wall are the no-dlip- and the insulating-wall- conditions:
v=0, j, =0 ar=1, (1e)

where j; istheradial component of current.

Far upstream and far downstream the flow is fully developed, which requires
Io/Mz® 0, Tf/IX® 0 as x® +¥ . (1f,9)

Finally, the solution is normalized using the condition of afixed average velocity:

p/2 1
2 Qdqgyudr =p, (2h)
-pl/2 0

where u isthe x-component of velocity.



3. High-Ha flow model

In a sufficiently strong magnetic field the flow region splits into the following subregions
(Fig. 2): the core C, the Hartmann layer H of thickness O(Ha™) at the wall, and the Roberts layers
E with dimensions O(Ha “®)” O(Ha #®) at q = +p/2, r = 1. The details of the high-Ha mode,
valid for terms up to O(Ha™) are given in [7] (see also [6], [8], [9]), and thus are omitted here.
The analysis leads to two two-dimensional partial differential equations for the core pressure
P(x,2) and the wall electric potential F (x,z) . These equations, subject to appropriate boundary
conditions, are solved numerically on a non-equidistant grid, using a finite-difference method
described in [6]. For atypical calculation we use 257 pointsin the x-direction and 43 points in the
z-direction. The length of the computational domain is lcomp = 100 (see Fig. 1), while the other

parameters are: g= 0.8, By = 0.2, B, = 1 (flow out of the intense-field region).

4. Results

The three-dimensional effects are assessed using such characteristics as the three-
dimensional pressure drop and the three-dimensional length.

The three-dimensional pressure drop, Dp,, isdefined asfollows:

DpSD = m_ %pHa_llcon‘p(Bu - Bd)’ (2)

where Dp is the total pressure drop between points X = - lcomp/2 and X = leomp/2. In this definition
the fully developed pressure gradients far upstream and far downstream given by the expressions

dp/dx, , =- spHa 'B, , areextended uptox=0.



The three-dimensional length, d,, , isdefined as follows [6], [7]:

— DpSD - % ] (3)

3.1 Flowfor a=0°
Far upstream and far downstream from the nonuniform-field region the flow is fully

developed. It isdriven by the pressure gradients dp/ dxju’ 4 respectively. In these regions both the

core velocity uc,q and the wall electric potential may be approximated to O(1) by the expressions
Ugy g =2PV1- Z, F vd = EpBuydlz\/l- 2+ arcsian, (4a,b)

respectively (see[6]-[9]).

Since By ' Bg, from Eqg. (4b) follows that for any fixed value of z* O thereis adifferencein
the values of potential upstream and downstream. This axia potential difference drives axia
electric currents and causes the three-dimensional effects.

The interaction of the magnetic field with the axia current pushes the fluid from the center
of the duct to the sides in the upstream region, and peaks of axial velocity appears at the side
regions (Fig. 3). The development of the axial velocity profilesat y = 0 along the duct axis and at
the side region for Ha = 1000 and for Ha = 100 is shown in Fig. 3. Since the fluid is pushed
towards the side regions, a zone with reduced velocity develops in the center of the duct (Fig. 3).
Theflow in this zoneis stagnant for Ha = 1000.

For Ha =1000 the development lengths in the upstream and the downstream regions are:

ldevu= 9.5 and lgev,a = 7.5, respectively. Thus the total development length islgey = 17 duct radii.



The development of the core pressure along the duct along the axis and in the side region for
Ha = 1000 and for Ha = 100 is shown in Fig. 4. For Ha = 1000 the pressure values deviate from
the fully developed onesin the region —6 £ x £ 3 owing to the three-dimensional effects. Thereis
apartia pressurerecovery at z= 0intheregion—0.5 £ X £ 3 owing to the returning current.

The three-dimensional pressure drop Dp., , shown in Fig. 4, is 1.48 10° for Ha = 1000 and
4 107 for Ha = 100, respectively. This gives the respective vaues of the three-dimensional
length, dsp, of 12.5 and 3.4. This means that for Ha = 1000 the three-dimensional effects are

significant, while for Ha = 100 they can be neglected.

3.2 Flowfora?® Q°

Fora! 0° the flow becomes non-symmetric with respect to z. Both pressure and potential at
z » 1 drop sooner than those at z » -1. This is because for a fixed x the magnetic fieldat z=11is
lower. As a result, in the nonuniform field region more fluid flows at z = 1 than at z = -1. For
Ha = 1000 the peaks of velocity in these regions are 7.23 and 6.65, respectively (Fig. 5).
However, these values are only marginally lower than 7.33 for the flow for a = 0°.

Variation of Dp,, with a for Ha = 1000 is shown in Fig. 6. It is seen that Dp,, decreases

with increasing a. However, it remains almost constant for a £ 30°. Overall, most of the flow

features remain the same as those for a = 0° up to 30°.

5. Conclusions

For values of Ha relevant to C-MOD the three-dimensional effects in insulating circular

ducts in a nonuniform magnetic field are expected to be of considerable importance. The three-



dimensional pressure drop is equivalent to the extension of ducts with fully developed flow by 12
duct radii. The nonuniformity of the fluid velocity is significant as well with velocity peaks
reaching the value of about 7 times the average one. The development length resulting from the
nonuniform field is about 17 duct radii. This means that the three-dimensional effects from
various blanket/divertor elements may overlap, and the whole device may need to be treated as a
single piece. Nevertheless, owing to much lower Hartmann numbers, three-dimensional effectsin
C-MOD will be of less importance than in large-scale machines, such as ARIES [6], [9]. Flows

for a < 30° are qualitatively the same asfor a = 0°.
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Table 1 Typical values of parameters and flow regimes for various machines

LARGE-SCALE C-MOD NSTX
MACHINES, E.G.
ITER, ARIES
Hartmann number, Ha ~10%10° ~500-3000 ~50-400
Interaction parameter, N ~10%10* ~50-200 ~1
Reynolds number, Re ~10%-10° ~10%-10° ~10"10°
Criterion of transition to ~0.1 ~0.03 ~0.003
turbulence, Ha/Re
Most likely flow Laminar MHD flow Laminar MHD flow; | Turbulent
regimes possibly turbulent | MHD flow
MHD flow in some

el ements of the

blankets/divertors
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Figure captions

Fig. 1

Fig. 2

Fig. 3

Fig. 4

Fig.5

Fig. 6

Schematic diagram of the flow in astraight circular duct: () nonuniform magnetic field

and (b) projection of the duct on the (x,z)-plane
Cross-section of acircular duct and flow subregions for high Ha.
Axial velocity at y = 0 for different values of zand for a = 0°.

Variation of pressure with x for different values of z and the three-dimensional pressure

drop fora = 0°.
Axial velocity at y = 0 for Ha = 1000 and for a = 20°.

Variation of the three-dimensional pressure drop with a.
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